We study free-free absorption of radio emission by winds of massive stars. We derive formulae for the optical depth through the wind measured from a point of emission along a jet, taking into account Compton and photoionization heating and Compton, recombination, line and advection cooling.
INTRODUCTION
Cyg X-1 is an archetypical and well studied persistent black-hole binary. Its companion is the OB supergiant HDE 226868. Cyg X-1 is both a radio and X-ray source, and the fluxes in these two bands are strongly correlated (e.g., Gallo, Fender & Pooley 2003; Zdziarski et al. 2011b , hereafter Paper I). The likely cause of the correlation is the jet in this system (Stirling et al. 2001 , hereafter S01) being formed by the matter of an inner hot accretion flow (Heinz & Sunyaev 2003; Merloni, Heinz & di Matteo 2003; Yuan & Cui 2005) . The radio emission is modulated at the orbital period (Pooley, Fender & Brocksopp 1999) , which is caused by free-free absorption in the stellar wind from the massive companion. As shown by Szostek & Zdziarski (2007) (hereafter SZ07) , the observed modulation levels imply that the average radio fluxes are substantially absorbed, which then, as discussed in Paper I, modifies the form of the observed radio/X-ray correlation.
In this work, we study in detail the free-free absorption of radio emission in winds of massive stars in high-mass X-ray binaries (hereafter HMXBs). We derive formulae for the optical depth measured from the point of emission along the jet. We also consider emission of counter-jets and Compton scattering by the wind.
Then, we apply our results to Cyg X-1, taking into account the strong anisotropy of its stellar wind, found by Gies et al. (2008) , as well as the radio emission being extended (S01). This yields strong constraints on the structure of the jet in Cyg X-1, in particular it implies that a major part of this emission takes place at distances comparable to the binary orbit. Based on the results of this application, we estimate the effect of the free-free absorption on the form of the radio/X-ray correlation in Cyg X-1.
RADIATIVE HEATING AND FREE-FREE ABSORPTION IN A STELLAR WIND
A standard wind velocity profile from a massive star is (e.g., Lamers, Cerruti-Sola & Perinotto 1987) ,
where r is the distance from the centre of the donor of radius R * , v ∞ is the terminal velocity, and β parameterizes the wind acceleration.
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Here, a small correction due to velocity reaching the sound speed rather than being null at the stellar surface has been neglected. The ion density is,
where f is the direction-dependent factor accounting for the wind asymmetry due to its focusing (see below),Ṁ is the total massloss rate, ϑ and ϕ (measured from the axis connecting the stars) are the polar and azimuthal angle, respectively, m p is the proton mass, µ i ≃ 4/(1 + 3X) is the mean ion molecular weight, and X is the H fraction. For simplicity, we hereafter assume X = 1. The local wind temperature follows from the balance of radiative heating and cooling and advection. In an optically-thin approximation (Kallman & McCray 1982) , applicable here, the radiative rates depend only on the shape of the irradiating spectrum and on the ionization parameter, (Tarter, Tucker & Salpeter 1969) , where x is the distance to the irradiating source with the ionizing luminosity, L ion . The net rate of X-ray photoionization heating and recombination cooling per ion has been fitted as (Blondin 1994) ,
(in units of erg s −1 ), where T is in K and kT X ≃ 10 keV is the characteristic energy of the ionizing spectrum. Given that the wind temperature in Cyg X-1 has kT ≪ 1 keV, we can neglect the second term in parentheses above. The formulae of Blondin (1994) have been derived for the case of a 10-keV bremsstrahlung X-ray spectrum in a high-mass X-ray binary. The rate of bremsstrahlung and line cooling has been fitted as (Blondin 1994) , −C b,l ≃ 3.3 × 10 −27 T 1/2 n(r)+ 1.7 × 10 −18 exp(−T l /T )ξ −1 T −1/2 + 10 −24 n(r)
where T l = 1.3 × 10 5 K. In the non-relativistic regime, the rate of Compton energy exchange between electrons and photons is proportional to (E − 4kT )F(E)dE. The rate per electron including Klein-Nishina corrections but assuming kT ≪ m e c 2 can be written as,
where F(E) is the differential energy flux, σ T is the Thomson cross section, m e is the electron mass, ǫ ≡ E/m e c 2 , and g(ǫ) and h(ǫ) give the Klein-Nishina corrections to Compton heating and cooling, respectively. The former is given by (Guilbert 1986; Beloborodov & Illarionov 1995) ,
Separating F(E) into the stellar and X-ray component, we have,
where L * is the stellar luminosity, T * is the stellar temperature, L X (E) is the differential luminosity originating at the black-hole location, r and x is the distance to the centre of the donor and to the compact object, respectively, η = 90ζ(5)/π 4 ≃ 0.96, and ζ is the Riemann zeta function. The X-ray heating term in equation (8) is valid at any values of ǫ, provided kT/m e c 2 ≪ 1. Equation (8) also assumes that cooling is dominated by photons at ǫ ≪ 1, which, e.g., is the case when L * ≫ L X . If it is not satisfied, h(ǫ) needs to be included as well, see eq. (17) in Beloborodov & Illarionov (1995) . The function g(ǫ) is plotted in Fig. 1 . We see it decreases rather fast at E > ∼ 50 keV. At a point (r, ϑ, ϕ),
where a is the separation between the stars. Then, assuming the velocity profile of equation (1), we need to solve the energy equation, which, for an ionized gas, can be written as,
This can be solved for T (r) adopting a boundary condition close to the stellar surface, where the wind is optically thick and our assumption of optical thinness breaks down. In an optically thick wind, Carciofi & Bjorkman (2006) find T ∼ 0.6T * . We have found that the solution above the assumed boundary, r > r 0 , is virtually independent of the value of r 0 , and we adopt r 0 = (1.2-1.3)R * . At low radii, dT/dr > 0, and cooler particles are brought to a given point from radii closer to the star. At all radii, adiabatic expansion cools the wind. Thus, the dominant effect of the left-hand side of equation (10) is cooling. We have found that solutions of this equation are rather well approximated by replacing the differential terms (i.e., its left-hand side) by an algebraic advection cooling term, −C adv , see, e.g., Chen, Abramowicz & Lasota (1997) for a similar approach.
We have found that we achieve the highest accuracy in this approach defining C adv as,
We thus solve an algebraic equation for T (r),
See Section 5 for an example comparison of the two solutions. We then assume the bulk of the radio emission at a given ν occurs at a distance, z, along a jet from its origin at the compact object, see Fig. 2 . This z corresponds to the place along the jet where it becomes optically thin to synchrotron selfabsorption (Blandford & Konigl 1979, hereafter BK79) . The jet is assumed to be perpendicular to the circular orbital plane, see Fig. 2 . We note that the assumption of perpendicularity is not a crucial; the jet can be inclined (as suggested for Cyg X-1 by Figure 2 . A schematic representation of the considered system at the superior conjunction. The distance between the high-mass donor (which centre is at 0) and the compact object is a. The point of radio emission is at the height z along the jet (shown by the red line), which originates at the compact-object location. A point along the photon path through the wind towards the observed is at the distance, l, from the emission point, at the distance, r, from the centre of the donor, and at the distance, x, from the compact object, which is surrounded by the source of X-rays. Malzac, Belmont & Fabian 2009) or curved (as in the Cyg X-1 model of SZ07), which introduces a phase lag to an orbital modulation. Then, z/a is to be interpreted as the height above the orbital plane in units of the distance to the rotation axis of the donor. In this case, a would be somewhat higher than the orbital separation. We neglect here this complication. We also neglect any effects of the jet opening angle, as a second-order effect. In the case of Cyg X-1, it has been constrained to be < ∼ 2
• (S01), which is negligibly small for our calculations.
As shown in Fig. 2 , l is the path length from the emission location along the jet to a point at a radius, r, from the donor centre. We find,
where i is the binary inclination and φ is the orbital phase, which equals φ = 0, π at the superior and inferior conjunction, respectively. Then,
The free-free absorption coefficient at a frequency, ν, is,
where T is in units of K and ν is in GHz. At a reference temperature, T = T 0 , we can write α ff = α 0 (n i /n 0 ) 2 , where α 0 is the absorption coefficient at an ion density of n 0 . We define n 0 as the density at r = a under the assumption of v = v ∞ . We also define a normalization optical depth of τ 0 = α 0 a.
Then, the free-free optical depth is,
This can be calculated numerically with T (r) as the solution of either equation (10) or (12).
On the other hand, we also consider the case of an isothermal wind with constant velocity (which is approached at at r ≫ R * ). In that case,
In this approximation, we obtain an analytical formula for τ,
We find u > 0 everywhere except for φ = π, z/a = cot i, when u = 0 and equation (18) appears to have a singularity. However, τ is still finite there, τ/τ 0 = sin 3 i/3. For z → 0,
where ∆τ is the difference in the optical depths at the superior and inferior conjunctions. For large z, the leading order of τ is independent of φ,
and ∆τ is lower by one order of a/z,
Potential constraints from eclipses of the radio emission from both the jet and counter-jet are discussed in Appendix A. Appendix B presents results for Compton scattering (or another process with the cross section proportional to the density) analogous to the above ones for free-free absorption.
We define the full modulation depth due to absorption as,
where F(φ max ) and F(φ min ) are the maximum and minimum fluxes in the model averaged and folded light curves, observed at φ max and φ min , respectively, and φ min represents the possible phase lag. In our model, φ max − φ min = π. We note that D (or, equivalently, ∆τ) in the model is uniquely determined by z/a, i and τ 0 . The attenuation averaged over the orbit and the average τ are defined as,
where the integration can be done over only 0-π due to the planar symmetry. As a rough approximation forτ, τ(π/2) may be used. We note that D, A,τ, φ min are functions of frequency.
PARAMETERS OF THE CYG X-1 BINARY AND ITS STELLAR WIND
The ephemeris of Cyg X-1 has been determined, e.g., by LaSala et al. (1998) , Brocksopp et al. (1999) . It can be written as,
where P = 5.599829 d, t sup is the time of a superior conjunction (the black hole furthest from the observer), and E is an integer. Observational determinations of the mass of the donor, M * , and of the black hole, M X , R * , i, and the distance, d, are all mutually 
• , d ≃ (1.5-2.0) kpc. They also measured the donor temperature as T * ≃ 2.8 × 10 4 K, and derived,
where d is in kpc. Here, we choose their solution that also agrees with the detailed evolutionary modelling of Ziółkowski (2005), namely, i = 31
The eccentricity is ≪ 1 (Orosz et al. 2011 ), and we here assume the orbit to be circular.
The total mass loss rate in the hard spectral state was found by Gies et al. (2003) as −Ṁ ≃ 2.6 × 10 −6 M ⊙ yr −1 . However, the mass loss can be highly asymmetric in binary systems, especially those in which the donor is close to filling its Roche lobe. This is the case in Cyg X-1, where R * > 0.9 of the Roche-lobe radius (Gies & Bolton 1986a,b; Gies et al. 2003; Ziółkowski 2005) . In this situation, the wind is focused towards the black hole (Friend & Castor 1982) , with the wind density inside the Roche lobe being substantially higher than that outside it. The presence of the focused wind component was found to fit very well the He ii λ4686 emission profile of Cyg X-1 (Gies & Bolton 1986b) . Evidence for the focused component based on soft X-ray lines was also found by Miller et al. (2005) and Hanke et al. (2009) .
Further complexity of the wind geometry was found by Gies et al. (2008) . Namely, they found the unfocused, locally spherically symmetric wind component emitted by the X-ray irradiated hemisphere of the donor to be undetectable. This weakness is apparently due to wind ionization by X-rays, which strongly reduces the wind radiative acceleration by the lines emitted by the donor. On the other hand, the other hemisphere of the donor, shaded from the X-rays, emits a normal wind, similar to that of an isolated massive star (Blondin 1994) . Summarizing, the wind of HDE 226868 has three main components: the wind focused along the axis joining the stars, which carries most of the mass loss; the standard radiatively driven wind from the hemisphere in the shadow, and a weak wind component from the donor hemisphere facing the black hole. As found by Gies et al. (2008) , this third component is weak in both spectral states, hard and soft, of Cyg X-1.
Radio photons are emitted by the jet relatively high above the orbital plane and may be attenuated mainly by this third weak component, i.e., the quasi-spherical wind from the hemisphere facing the X-ray source. Given its weakness, it has f ≪ 1, but no specific constraints are currently available. For the wind velocity profile, we use here that of equation (1) with v ∞ ≃ 1.6 × 10 8 cm s −1 and β = 1 (Gies & Bolton 1986b) .
The stellar luminosity for our assumed parameters is L * ≃ 9.1 × 10 38 erg s −1 . We then use the average hard X-ray/soft γ-ray spectrum of Cyg X-1 as observed by the OSSE and BATSE detectors on board of Compton Gamma Ray Observatory 1 After the calculations reported where completed, Reid et al. (2011) have determined the trigonometric parallax distance as d = 1.86 +0.12 −0.11 kpc (with 1σ uncertainties), which value is compatible with adopted here within ∼ 1σ. Then, Orosz et al. (2011) determined M X = 14.8±1.0M ⊙ , again within 1σ from our value. They also found M * = 19.2 ± 1.9M ⊙ , R * = 16.2 ± 0.7R ⊙ , and i = 27.1±0.8
• . The effect of these difference on our results have been found to be relatively minor, and less important than the uncertainty regarding the structure of the stellar wind. (McConnell et al. 2002) . We fit this spectrum with an e-folded power law,
37 erg s −1 . The fit is based on the data at ≥ 20 keV, and it quite severely underestimates the actual spectrum in softer X-rays. However, the main contribution to Compton heating is from hard X-rays, see equation (8), and thus this underestimate has a negligible effect. We note that the Klein-Nishina correction is very important for this spectrum, with the Compton heating rate calculated non-relativistically, with g(ǫ) ≡ 1, being 2.7 times higher than the correct rate calculated using g(ǫ) of equation (7). On the other hand, photoionization is mostly due to soft X-rays, which spectrum in Cyg X-1 is relatively uncertain due to absorption. We assume here L ion = 1 × 10 37 erg s −1 in equation (3). Then, we can express the characteristic free-free optical depth of the wind, τ 0 in equation (16), as,
where we used 10 6 K as the reference temperature. Given the lack of a measurement of the wind in the polar regions (Gies et al. 2008) , we treat f as a free parameter of the model.
RADIO EMISSION IN THE HARD STATE OF CYG X-1
We study here radio monitoring data at 15 GHz from the Ryle Telescope, which cover MJD 50226-53902, and the Arcminute Microkelvin Imager (AMI), MJD 54573-55540. Also, we use the 2.25 GHz and 8.3 GHz monitoring data from the Green Bank Interferometer, for MJD 50409-51823. These data are the same as in Paper I, and we refer to it for details. We fit only data corresponding to the hard spectral state, which corresponds to MJD 50350-50590, 50660-50995, 51025-51400, 51640-51840, 51960-52100, 52565-52770, 52880-52975, 53115-53174, 53540-53800, 53880-55375 (which intervals contain 12408 Ryle/AMI measurements and 1160 GBI ones), see Poutanen, Zdziarski & Ibragimov (2008) and Paper I.
An important issue here is that these telescopes do not spatially resolve the radio emission. On the other hand, the emission in the hard state is known to be extended. S01 have found that ∼ 1/3-1/2 of emission at 8.4 GHz observed by VLBA is within the beam of a longitudinal extent of ∼ 3 ′′ , whereas the remainder forms an extended jet visible up to ∼ 15
′′ . This has been confirmed by further VLBA observations at 8.4 GHz reported in Rushton et al. (2011) , in which the resolved fraction was ∼ 0.3-0.4. The resolution of 3 ′′ corresponds to the length of 9 × 10 13 (d/2, kpc)/ sin i cm, which is ∼ 30a/ sin i. The resolved 8 GHz emission can thus have only a tiny orbital modulation.
The observational situation at 15 GHz is more complex. The VLBA beam size of the observations reported in Rushton (2009) is ∼ 1.3 ′′ , which corresponds to ≃ 4 × 10 13 (d/2, kpc)/ sin i cm ≃ 10a/ sin i. The unresolved and total fluxes for the three observations taken on the same days as the 8.4 GHz ones of S01 (i.e., MJD 51035, 51037, 51039) are (7.3, 7.7) mJy, (10.9, 12.2) mJy, (6.1, 7.8) mJy. Thus, the unresolved fractions are relatively small, 0.05-0.22. However, Cyg X-1 was also monitored by the Ryle Telescope three times on each of those days, yielding the total fluxes of (13.2, 14.9, 16.0 mJy), (13.2, 12.2, 10.4 mJy), (18.9, 19.4, 18 .1 mJy), respectively, i.e., substantially more than the total VLBA fluxes for the 1st and 3rd observation. Although all of the Ryle observations were taken ∼ 0.1 d before the start of the VLBA observations, Cyg X-1 was in a relatively stable state at that time with no large-amplitude variability detected. It thus appears that the VLBA measurement missed an extended part of the resolved emission. Then, the resolved fractions are ≃ 0.1-0.7.
As discussed in Zdziarski, Lubiński & Sikora (2012) , it is unlikely that the radio jet in Cyg X-1 follows a single set of power-law dependencies from its base to the resolved parts. It appears that it contains a compact part within ∼ (1-10)a, and then a secondary dissipation event leads to formation of a more extended part of the jet, resolved by VLBA. The observed strong orbital modulation (see below) has to occur in the compact part. The division of the fluxes between the two parts as a function of time remains unknown. Based on the above data, we can only roughly estimate that about a half of the flux is emitted by the compact part. Given that the radio-IR spectrum of Cyg X-1 appears to be a single power law Rahoui et al. 2011) , both components have approximately the same spectra.
FREE-FREE ABSORPTION IN CYG X-1
With the model developed in Section 2, we can fit the orbital modulation profiles, which are given by the light curves averaged and folded over the orbital period. In this way, we obtain the location of the bulk of the emission, z/a. We neglect the emission of the counter-jet, as its emission is beamed away from the observer and it passes through a much higher column density than that of the jet, including the dense focused component close to the binary plane. Given the results discussed in Section 4, we split the radio light curves into unmodulated and modulated parts,
where t it time. The second term on the right-hand side corresponds to emission of the inner part of the jet, within ∼ 10 1 a or so, which is orbitally modulated. The first term corresponds to the larger-scale emission, which is not modulated. Then,
whereF intr ,F denote the light curves averaged over time intervals of the length P. Given that the observed emission comes from a region of the size < ∼ 10 15 cm (S01; Rushton 2009; Rushton et al. 2011 ) and a relativistic speed of the jet (S01; Malzac et al. 2009 ), we assume that both parts of F intr vary in the same way (apart of the orbital modulation) on a > ∼ 10 4.5 -s time scale, below which scale the radio variability is weak.
Equation (29) implies the average attenuation of
The modulation depth becomes,
where τ min is the minimum optical depth through the wind (corresponding to the maximum flux, at φ max ).
In the calculations below, we assume either b = 0.5 (see Section 4) or b = 0, which provide us with an estimate of the sensitivity of the calculations to taking into account the unmodulated part of the flux. The assumed b = 0.5 is, given the available data, only approximate, as well as it is unlikely that it was constant during the course of the monitoring. In Figs. 3-6 below, we show the results for b = 0, which directly correspond to the observations of the modulation. After obtaining folded and averaged light curves of F(t), we subtract from them b F , as implied by equation (28), and then recalculate the folded average modulation.
We need to properly average the folded light curve. We are interested in variability governed by the orbital time scale, and not in that on much shorter time scales. Therefore, we rebin the observed light curve with a bin size equal ∆P = P/K, where K is the number of bins per period. In this way, we also partly remove a bias on the folded averages due to non-uniform coverage, e.g., due to a large numbers of points in some orbital bins and low number in other bins. The errors on the resulting averages are then calculated from dispersion of fluxes averaged within individual bins of the same phase range and the size ∆P. This method was applied to periodic variability of Cyg X-1 by Ibragimov, Zdziarski & Poutanen (2007) . We fit ∆φ exp(−τ)dφ/∆φ, where ∆φ = 2π/K is the phase bin width, instead of using the value at a bin centre. Also, finite phase lags with respect to the superior conjunction are observed in Cyg X-1. Then, the phase lag is a free parameter of the model, and τ(φ) of equations (16-18) is replaced by τ(φ − φ min ).
We first compare our results with those of SZ07 (whose results are for b = 0). In that work, the atomic heating and cooling was treated more accurately than in this work. On the other hand, adiabatic cooling was not included, which resulted in a constant temperature, T 0 , at large radii. Thus, we first compare their results with those using our analytical, constant T , model, equation (18). Using the parameters from SZ07, namely, f = 1, T = 3.2 × 10 5 K and i = 40
• , we obtain z/a ≃ 3.3, fitted to the 15 GHz data, whereas SZ07 found z/a ≃ 3.7; thus there is a good agreement. On the other hand, we find z/a ≃ 5.8 using the full model of equation (16). The higher value found by us is due to our inclusion of adiabatic cooling, which reduces the temperature at large radii and thus increases the wind opacity there, requiring in turn the emission place at a higher height.
However, although SZ07 used the same totalṀ as that used here, they assumed isotropy, without taking into account focusing and the reduction of the wind from the irradiated surface of the donor. This resulted in a relatively high density of the wind. As a result, the 15 GHz emission of Cyg X-1 was found to be attenuated to A ≃ 0.2, see fig. 13 in SZ07. As also shown there, the average attenuation decreased with decreasing frequency at ν < ∼ 30 GHz, to A ≃ 0.5 at 2.25 GHz, as well as also decreased with increasing frequency at ν > ∼ 30 GHz. However, as argued in Paper I, this is not compatible with the 2-220 GHz spectrum being rather straight with α ≃ 0 , and with no substantial dip at 15 GHz, see also figs. 10-11 in Paper I. This supports the wind density in the polar regions being substantially lower than that for an isotropic wind, see Section 3. Thus, the free-free optical depth of the wind is most likely substantially lower than that modelled by SZ07. Furthermore, the model of SZ07 implies a very strong orbital modulation, by ∼90 per cent in the 150-220 GHz range. This range was observed by Fender et al. (2000) , and no apparent orbital modulation was seen. In particular, there was one 146 GHz observation at φ/2π = 0.95, at which the measured flux was about equal to the average one.
Our best data are those at 15 GHz, and we fit them with the model of equation (16). We first give the results neglecting the extended character of the radio emission, i.e., for b = 0. We obtain f ≃ 0.060 ± 0.005, z/a ≃ 0.57 ± 0.01, φ min /2π ≃ 0.13 ± 0.01, (10) with the boundary condition imposed at 1.2R * and 1.3R * , respectively, and the solid curve corresponds to the algebraic solution of equation (12). Fig. 4 shows variation of the absorption coefficient along the photon path, for our best-fit model. We see the opacity drops fast at l > ∼ a. The region l < ∼ a is at radii of r ∼ 1.5a. Fig. 5 shows an example of the radial temperature profile for the best-fit model. We see that indeed the solution is virtually independent of the adopted inner boundary condition and the differences between the solution of the differential energy equation and the approximate one with the advection term are relatively small, < ∼ 20 per cent.
We then consider the effect of taking into account the effect of a part of the radio flux being emitted well beyond the orbit, assuming b = 0.5. We obtain the same values for f and φ min as for b = 0, and z/a ≃ 0.23 ± 0.02 at χ 2 ν ≃ 6.0/8, and with D ≃ 0.31 ± 0.01, A = 0.82 ± 0.01. We note, however, that the obtained z is relatively close to the binary plane, which may no more be in the polar region, and thus not to be consistent with the fitted low value of wind-density scaling factor, f . Thus, we also consider models with fixed larger values of f , but still ≪ 1. At f = 0.1, z/a ≃ 0.62±0.02, D ≃ 0.30 ± 0.01, A = 0.70 ± 0.01, χ 2 ν ≃ 13.7/9, and at f = 0.2, z/a ≃ 1.21 ± 0.02, D ≃ 0.29 ± 0.01, A = 0.52 ± 0.01, χ 2 ν ≃ 27.5/9. Since z ∼ a in both cases, the emission region is likely to be in the low-density polar region. Although these values of χ 2 ν are rather high, the bad fit quality may be due to our lack of knowledge of the actual structure of the stellar wind and of the spatial distribution of the radio emission along the jet. Hereafter, we adopt f = 0.1, where both f ≪ 1 and z ∼ a, but also use f = 0.2 for comparison in some cases.
Based on general features of the jet emission, e.g., BK79, Heinz & Sunyaev (2003) , we expect that the height at which the bulk of emission at a given frequency emerges increases with increasing radio flux. This is due to the associated increase of the density of the relativistic electrons in the jet, which increases the synchrotron self-absorption optical depth. Assuming the magnetic field strength to be proportional to the equipartition value with the relativistic electrons, we derive (using the formalism of Zdziarski et al. 2012) ,
where s is the index of the electron distribution (∝ γ −s , where γ is the Lorentz factor), which gives q ≃ 0.47 for 0.7 < s < 3.5.
[Equation (5) of Heinz (2006) gives this result for s = 2.] The increased height of the point where the bulk of emission occurs results in less wind absorption and a lower modulation depth. Also, a higher X-ray flux (which is positively correlated with the radio flux, e.g., Paper I) leads to a higher temperature, equation (12), and thus less wind absorption of radio photons.
Given the good statistical quality of the 15 GHz light curve, we can test the above theoretical prediction with the data. For this purpose, we have divided the observed range of the 15 GHz flux in the hard state, F, into three parts, satisfying (1)F < F /1.15, (3)F > 1.15 F , and (2) that in between. As the criterion, we have used the radio fluxes averaged over a single orbital period,F, instead of individual measurements, F, since the latter are themselves affected by the orbital modulation. The unweighted geometric average fluxes in these ranges, j = 1, 2 and 3 are F j = 8.7 mJy, 11.6 mJy and 15.6 mJy, respectively. In order to account for a part of the radio flux emitted at large distances, equation (28), we subtract from each of the three folded light curves a part of the local average, i.e., bF j .
We take into account that the plasma temperature of the absorbing wind changes in response to the changing flux within the hard state. Given that the X-ray flux in the hard state of Cyg X-1 is correlated with the 15 GHz flux as F X ∝ F 1/1.7 , we adjust accordingly the normalization of L X and L ion .
Then, fitting the model of equation (18) Fig. 7 . We fit it as a power law, z ∝ F v , and obtain v ≃ 0.51 ± 0.10, i.e., the statistical significance of an increase of z with F is 5σ. We see that the orbital modulation depth strongly decreases with increasing F, also at a high statistical significance. Thus, these calculations confirm the dependence of the radio emission region along the jet on the jet power in relativistic electrons with a high statistical significance.
As discussed above, we assume that the long term variability occurs in the same way for the modulated and unmodulated parts of the radio flux. We can then write the dependence of equation (32) for the intrinsic flux, equation (29), and estimate,
where
, and
We obtain q ≃ 0.62 ± 0.21, 0.70 ± 0.14 for (b = 0, f = 0.06), (b = 0.5, f = 0.1), respectively. In the latter case, we also fit the z(F intr ) dependence, and obtain q ≃ 0.72 ± 0.14, i.e., an almost identical value to that of equation (34). These values are somewhat higher than the theoretical prediction of equation (32). This may reflect either the approximate character of the assumed disc model of BK79, the fitted model being too approximate, or both. We then fit the 8.3 GHz and 2.25 GHz data, see Fig. 3(b-c) . The obtained parameters at (b = 0, f = 0.06) are z/a ≃ 1.79 ± 0.22, 6.17 ± 1.60 (χ 2 ν ≃ 9.5/9, 3.9/9), which result in D ≃ 0.11 ± 0.03, 0.04 ± 0.03, and A = 0.77 ± 0.04, 0.69 ± 0.13, respectively. The phase lags are φ min /2π ≃ 0.15 ± 0.05, 0.22 ± 0.13, respectively. At (b = 0.5, f = 0.1), z/a ≃ 1.87 ± 0.16, 6.32 ± 1.16 (χ 2 ν ≃ 18.7/9, 7.6/9), which result in D ≃ 0.11 ± 0.03, 0.04 ± 0.03, and A = 0.73±0.04, 0.64±0.12, respectively. (At f = 0.2, z/a ≃ 2.78±0.21, 8.84±1.58, respectively.) The phase lags are unchanged. These data cover a much shorter interval in the hard state than the Ryle/AMI 15 GHz data do, and have been taken with a substantially lower sensitivity. Thus, the resulting folded light curves are much more noisy, especially that for 2.25 GHz, which has the parameters only weakly constrained. Fitting in the log space at 2.25 GHz, 8.3 GHz and 15 GHz with z ∝ ν −n , we find n ≃ 1.4±0.1, n ≃ 1.2±0.1 for f = 0.1, 0.2, respectively. This is somewhat more than the prediction of the model of BK79, which may be due to either the departures of the jet in Cyg X-1 from that model and/or our fitting model being too approximate. Comparison of the radio/X-ray correlation for Cyg X-1 in the hard state corrected for free-free absorption (assuming b = 0.5, f = 0.1, d = 2 kpc; black crosses) with those for the LMXBs GX 339-4 (Corbel et al. 2003 ; green crosses), V404 Cyg (Corbel et al. 2008 ; magenta squares) and H1743-322 (Coriat et al. 2011 ; red circles). The dotted and dashed lines have p = 0.6 and p = 1.4, respectively, approximately fitting the two apparant branches of the correlation for the three sources. See Paper I for the un-corrected Cyg X-1 data. The Cyg X-1 radio data are for (a) 15 GHz, (b) 8.3 GHz, and (c) 2.25 GHz.
EFFECT OF FREE-FREE ABSORPTION ON THE RADIO/X-RAY CORRELATION
Cyg X-1 in all spectral states shows a power-law correlation between the radio and X-ray fluxes, F ∝ F p X , where F X is either the flux in an X-ray energy interval, the bolometric flux, F bol , or the flux in the Comptonization X-ray component, see Paper I. In particular, the correlation of the 15 GHz flux with F bol in the hard state has the index of p bol = 1.68 ± 0.11 for the simultaneous ASM and BAT data. Qualitatively, the hard-state correlation in Cyg X-1 is similar to that seen in the hard state of low-mass X-ray binaries (LMXBs) containing black-holes, see, e.g., Gallo et al. (2003) , Corbel et al. (2000 Corbel et al. ( , 2003 Corbel et al. ( , 2004 Corbel et al. ( , 2008 , Coriat et al. (2011) . However, the correlation in Cyg X-1 is significantly steeper than that in LMXBs, e.g., p bol ≃ 0.8 in GX 339-4 (Zdziarski et al. 2004) . A part or whole of this difference is due to the effect of free-free absorption of the radio emission in the stellar wind.
An observed correlation index, p = d ln F/d ln F X , where F X is either the flux in an X-ray band, the bolometric flux or the flux emitted by hot electrons (see Paper I), is related to its corresponding intrinsic index,
So, the effect of removing free-free absorption of the radio fluxes is to reduce their variability range, without affecting the variability range of the X-ray flux. Note that the factor r is the same regardless of the choice of the energy range for the X-ray flux. The coefficient r can be determined from the results shown in Figs. 6-7. We estimate it as r ≃ 1+∆ ln b
We obtain r ≃ 0.79 ± 0.02, 0.71 ± 0.02 for (b = 0, f = 0.06), (b = 0.5, f = 0.1), respectively. This implies p intr,bol ≃ 1.33 ± 0.10, 1.19±010, respectively, for the correlation with the bolometric flux.
We note that although the wind absorption is significantly stronger for the b = 0.5 case, it acts only on a 1/2 of the radio flux.
We can also directly calculate the effect of the wind absorption on an individual measurement of the 15 GHz flux, F, performed at an orbital phase, φ. Assuming f and i and using the dependence of z(F intr ) of equation (33) allows us to write F intr as,
which we numerically solve for z, which yields F intr . The resulting F intr points for b = 0.5, f = 0.1 are shown together with the 3-9 keV fluxes in Fig. 8(a) . Fig. 8 (a) also compares the radio/X-ray correlation for Cyg X-1 with that in three LMXBs (from Coriat et al. 2011 ). This figure is similar to one shown in Paper I, which, however, showed the Cyg X-1 radio fluxes as observed. We see that the Cyg X-1 points have now the slope of p ≃ 1.2, relatively similar to that of the LMXB H1743-322 (Coriat et al. 2011 ). The 8.3 GHz and 2.25 GHz data do not allow us to directly make similar estimates, given the poor statistics of the folded light curves, see Fig. 3(b-c) . Since the radio spectrum is approximately flat, F(ν) ∝ ν 0 , we assume that the ∆ ln F intr estimated for 15 GHz is accompanied by changes of z/a at the other frequencies proportional to those inferred at 15 GHz, i.e., we use equation (33) with the value of q obtained for 15 GHz, but z 0 and τ are from the fits to the 2.25 show the resulting F intr points for b = 0.5, f = 0.1. Given the strong noise in those data, it is difficult to accurately determine the slope formed by those points, but it appears similar to that found for the 15 GHz data.
However, given the observational uncertainty regarding the actual wind density in the polar regions and possible systematic uncertainties of the fitted model, the case with a higher wind density is also possible, as discussed in Section 5. For example, for (b = 0.5, f = 0.2), r = 0.39 ± 0.06 at 15 GHz, which corresponds to p intr,bol ≃ 0.65 ± 0.07. This would make Cyg X-1 similar to objects in the main branch of the radio/X-ray correlation, e.g., GX 339-4. Thus, our results do not allow us to unambiguously determine the slope of the intrinsic radio/X-ray correlation in Cyg X-1. On the other hand, if we assume that Cyg X-1 in not a unique object, the above constrains the wind density in the polar region to f < ∼ 0.2.
ORBITAL MODULATION AS A FUNCTION OF FREQUENCY
Our results for the 2.25-15 GHz data allow us to make some predictions for the orbital modulation and attenuation by the wind of jet emission at other frequencies, especially higher ones. As estimated in Section 6, z ∝ ∼ ν −1.4 -ν −1.2 . Given the implied low values of z/a for high-frequency radio emission, it may originate within the dense, focused, wind, which would result in much higher wind density than in the polar regions, and hence much higher depths of orbital modulation than those we estimate here.
Still, including the focused wind would introduce additional free parameters to the model, in particular, the photon path going through different wind components. Instead, we assume f = 0.2, which, as discussed in Sections 5-6, approximately corresponds to the highest density of the polar wind compatible with the observational constraints. Our predictions are shown in Fig. 9 . It shows the modulation depth (plotted as 1 − D) and the average attenuation as functions of frequency. We see that the maximum modulation depth occurs for ν ≃ 30 GHz, and it is relatively small at higher frequencies. Also, the attenuation is relatively moderate, A > ∼ 0.5, at all frequencies. We see that we predict much lower modulation depths and attenuation than SZ07. The cause for these differences is that our models yield a much lower wind density in the absorbing region than that assumed by SZ07, which is supported by both the current observational results (Gies et al. 2008) , as well as the results of our study of the radio/X-ray correlation in Cyg X-1. Our results may explain the lack of observed modulation at 146 GHz and the 2-220 GHz spectrum being approximately a single power law . Still, given the uncertainty related to the effect of the focused wind, it would be of high importance to observationally study the orbital modulation of high-frequency radiation.
DISCUSSION AND CONCLUSIONS
We have studied free-free absorption in an optically-thin X-ray irradiated stellar wind. We have taken into account Compton heating and cooling, photoionization heating, bremsstrahlung and line cooling, and advection. We have derived relatively simple formulae for the free-free optical depth, in Section 2. We have also considered constraints from eclipses, counter-jets (Appendix A) and Compton scattering (Appendix B).
We have then considered the current constraints on the parameters of the Cyg X-1 binary and its stellar wind (Section 3). As found by Gies et al. (2008) , the wind is strongly anisotropic, with the density close to the orbital plane and in the region shadowed by the donor much higher than that in the polar regions, which are responsible for absorption of the radio emission of the jet.
In Section 4, we have discussed the radio data, including the available information about the extended character of the emission. It appears that a relatively high fraction of the radio emission is emitted far away from the binary orbit, and thus it is not orbitally modulated by the wind. This effect needs to be taken into account in modelling of the modulation.
In Section 5, we have applied the formalism of Section 2 to the available radio data from monitoring of Cyg X-1, taking into account the extended character of the emission. In the hard spectral state, the radio light curves show significant modulation at the orbital period, which is due free-free absorption in the wind. We have fitted the folded and averaged light curves at 15 GHz, 8.3 GHz and 2.25 GHz, and obtained the location of the bulk of the emission regions along the jet. In the units of the separation, our best models gave z/a ≃ 0.6-1.2, 1.8-2.8, 6.2-8.8, respectively. The height at 15 GHz corresponds to ∼ 3 × 10 12 cm ≃ 1.5 × 10 6 R g , and that at 2.25 GHz is about 10 times higher. These locations, corresponding to the heights at which the jet becomes optically thin to free-free absorption, appear to follow a law relatively close to z ∝ ν −1 , expected theoretically (BK79).
On the other hand, Heinz (2006) in his estimates of the power of the jet in Cyg X-1 based on the model of BK79 used the VLBA images of S01, which imply that 50 per cent of the 8.4 GHz emission comes from distances > ∼ 1.5 × 10 14 cm, which is ∼ 50a. If the entire jet would follow the emission profile of BK79, only a tiny fraction of the emission would take place at z ∼ a (see fig.  1 of Heinz 2006) , and the resulting orbital modulation would be tiny and probably unobservable, whereas it is at the level ∼10 per cent. Given that the distance of the emission should scale as ν −1 (BK79), it would have been even more difficult to explain the ∼30 per cent modulation of the 15 GHz emission. A likely solution to this problem is that the observed resolved emission comes from a secondary dissipation event in the jet whereas the emission of the inner jet, at z ∼ a, is comparable to the resolved one, and it may follow the model of BK79. This would also solve the problem of that jet power calculated by Heinz (2006) being much lower than that inferred from the observed large-scale optical nebula, presumably powered by the jet (Gallo et al. 2005; Russell et al. 2007 ). Furthermore, this would solve the problem of the jet base inferred from the VLBA measurements being an order of magnitude higher than that theoretically expected (Rahoui et al. 2011) .
Recently, Zdziarski et al. (2012) have calculated the location the jet base in Cyg X-1 (defined by the lowest distance at which significant emission takes place) at ∼ 2 × 10 3 R g . Using the measurement of the turnover frequency of ≃ 0.1 eV of Rahoui et al. (2011) , and assuming z ∝ ν −1 (BK79), gives a location of the 15 GHz emission in agreement with our results.
Our best data, at 15 GHz, allow us to study the orbital modulation as a function of the radio flux. We have found a strong dependence of the modulation depth, changing from D = 0.35 ± 0.01 to 0.20 ± 0.01 when the flux increases by a factor of about 2. This is naturally interpreted as the height corresponding to the bulk of the emission increasing with the radio flux as a consequence of the corresponding increase of the jet power. In our case, we find z approximately proportional to the power of about 0.7 ± 0.1 of the intrinsic radio flux (i.e., that before free-free absorption), which dependence is somewhat stronger than the relation in the BK79 model. Based on the above results, we have estimated the effect of free-free absorption on the form of the hard-state radio/X-ray correlation in Cyg X-1, which correlation was the subject of Paper I. We find the absorption has a substantial effect, but, given the uncertainty about the wind density in the polar regions of Cyg X-1, we cannot accurately quantify this effect. This effect changes the correlation index, p (defined as F ∝ F p X ), from about 1.7, found in Paper I, to about 0.7-1.3. Thus, Cyg X-1 may have a similar correlation to that of the LMXB H1743-322, which has p ∼ 1.4 (Coriat et al. 2011) , or a number of other LMXBs, e.g., GX 339-4 (Corbel et al. 2003 ) and V404 Cyg (Corbel et al. 2008) , where the correlation index is p ∼ 0.6-0.8.
We also discuss predictions for the orbital modulation and attenuation by free-free absorption of radio emission at frequencies higher than 15 GHz. Given the relatively low density of the polar wind in Cyg X-1, these effects are likely to be much weaker than estimated before (in SZ07), which may explain the apparent lack of orbital modulation at ν = 146 GHz, and the 2-220 GHz radio spectrum of Cyg X-1 being represented by a single power law . Still, it would be highly desirable to actually measure the modulation depth at high frequency, which would give us significant constraints on the structure of both the wind and the jet in Cyg X-1. In particular, this would test the possible location of the high-frequency radio emission within the focused wind component.
Finally, we mention that another high-mass X-ray binary with strong wind, Cyg X-3 (which is likely to contain a black-hole) does not show any orbital modulation of its very strong radio emission. As discussed by SZ07, this may be due to the binary orbit of that system being ∼10 times smaller than that in Cyg X-1. If the jet of Cyg X-3 is similar in size to that of Cyg X-1, this would imply values of z/a ∼10 times higher, which is likely to reduce the depth of the radio modulation to unobservable values. the orbital modulation depth at ∼20-100 keV hard X-rays (which photon interactions are dominated by the Thomson scattering) of ≃ 0.03-0.04. We find D ≃ 0.02 f at i = 31
• , which implies f ≃ 1.5-2. This appears to account for the wind density being enhanced near the orbital plane (see Section 3).
